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Overview

• Last	Time: Learning dynamics models, op,mal 
control, and policy learning 

• Focused on using forward dynamics models and 
shoo,ng methods (LQR, DDP) 

• Today:	
• Look at inverse dynamics models, direct colloca,on in 

detail (for op,mal control and policy learning) 

•How to op,mize complex movement with contacts 

•Dealing with unknown and uncertain dynamics 

•Applica,ons to biomechanics
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Ct(xt), xt+1 = f(xt,ut)

Forward Shoo,ng:

Narrow Feasible Region

• Comes up as an issue in prac,ce 

• collisions, falling down, etc… 

• Prone to falling into local minima 

•Makes solu,on sensi,ve to ini,al guess 

• Ini,al guess from demonstra,ons and 
randomiza,on helps
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Direct Colloca,on

• Only pairwise dependencies 

• Good condi,oning 

• changing x1 has similar effect as changing xT 

• No forward integra,on instability
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Direct Colloca,on

Explicit rather than implicit constraint
Can be hard or soW
Less prone to local minima
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u0...uT
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Ct(xt), xt+1 = f(xt,ut)

Forward Shoo,ng:

Direct Colloca,on:

Shoo,ng vs Direct Colloca,on

min
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Ct(xt), st f�1(xt,xt+1) = ut � U

• Op,mize over controls 

• State trajectory is implicit 

• Dynamics is an implicit constraint (always sa,sfied)

• Op,mize over states 

• Controls and forces are implicit 

• Dynamics is an explicit constraint (can be soW)
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Inverse Dynamics Model

min
x0...xT
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t

Ct(xt), st f�1(xt,xt+1) = ut � U

• Describes what controls and forces you apply when 
transi,oning from xt to xt+1 

• Can be learned from data 

• For rigid mul,-body dynamics, we can do be]er 
when we know system parameters 
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Calculate veloci,es and accelera,ons from nearby states
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Dynamics equa,on:

Generalized mass and Coriolis matrices

M(q) q̈+ C(q, q̇) q̇ = Bu+ J(q)T f
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Dynamics equa,on:

M(q) q̈+ C(q, q̇) q̇ = Bu+ J(q)T f

Controls and actua,on matrix

M(q) q̈+ C(q, q̇) q̇ = Bu+ J(q)T f
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Dynamics equa,on:

Constraint forces and constraint Jacobian

M(q) q̈+ C(q, q̇) q̇ = Bu+ J(q)T f
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Dynamics equa,on:

For more detail, see chapters 2 and 3 in 

Springer	Handbook	of	Robo3cs	and

M(q) q̈+ C(q, q̇) q̇ = Bu+ J(q)T f

Analy3cal	Dynamics:	A	New	Approach
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can be solved numerically, or analy,cally [Todorov 14]
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Dynamics equa,on:

Inverse dynamics residual:

M(q) q̈+ C(q, q̇) q̇ = Bu+ J(q)T f

r(xt�1,xt,xt+1) = min
u f

|| ||2
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Simple Par,cle Example

• Dynamics equa,on: 

• Inverse dynamics func,on: 

• Cost: 

• Known: 

Ini,al state:                     System parameters:                  External forces: 

• Op,miza,on unknowns: 

• Solu,on: 

States:                                        Implicit controls: 
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f�1(xt�1,xt,xt+1) = u

t = m(xt�1 � 2xt + x

t+1)/�t+ g

C(x) = ||x||2

u

0, ...,xT�1 = �g

x

1, ...,xT = 0

x

1, ...,xT

x

0

u0

x

0 gm

g



Numerical Solu,ons for Direct Colloca,on Methods
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• First Thought: Set up a TensorFlow graph and op,mize 
with gradient descent 

• For shoo,ng methods we had 2nd order methods 
(Itera,ve LQR, DDP) 

• For direct colloca,on we also can apply a truncated 
2nd order method



Gauss-Newton Method

• Total trajectory cost is 

• Its gradient and truncated Hessian are 

• Find op,mal solu,on by itera,ve Gauss-Newton steps
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includes inverse dynamics residual 

and any cost func,on features
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Gauss-Newton Method

• Total trajectory cost is 

• Its gradient and truncated Hessian are 

• Find op,mal solu,on by itera,ve Gauss-Newton steps
Typically use damped Hessian 

(similar to Trust Region)

(C�1
XX + �I)CX



Gauss-Newton Method

• Requires inver,ng                          Hessian every ,me??? 

• Hessian is block sparse 

• Can use sparse linear system solvers 

• python: linalg.spsolve 

• Other methods possible (mul,grid, projec,on, spectral?) 

• Constrained op,miza,on possible (SQP) [Posa and Tedrake 12]

(|x|T )⇥ (|x|T )
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Dynamics with Contact

• Both shoo,ng and colloca,on methods can be applied 
to control of movement without contact 

• flying, driving, swimming robots, collision-free paths



Dynamics with Contact

• Both shoo,ng and colloca,on methods can be applied 
to control of movement without contact 

• flying, driving, swimming robots, collision-free paths 

•With contact, it is difficult to apply either method 

• legged robots, manipula,on



M(q) q̈+ C(q, q̇) q̇ = Bu+ J(q)T f

Dynamics equa,on:

Dynamics with Contact

• Discon,nuous jumps in contact forces (and their number)

q1 q2



q1 q2

M(q) q̈+ C(q, q̇) q̇ = Bu+ J(q)T f

Dynamics equa,on:

Dynamics with Contact

• Discon,nuous jumps in contact forces (and their number)

• No gradient informa,on from inac,ve contacts

Can’t an,cipate being able to apply forces

?



manual specifica,on

track demonstra,ons

mo,on structure

Dynamics with Contact

?



Dynamics with Contact

?

• Contact ac,vity is an indirect func,on of state 

•What if we make contact ac,vity a direct 
op,miza,on variable like we did for state?



min
x0...xT
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Ct(xt), st f�1(xt,xt+1) = ut � U

Contact-Invariant Op,miza,on
[Mordatch, Todorov, Popovic, SIGGRAPGH 2012]

x: [ q  c ]
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Contact-Invariant Op,miza,on

c0,rfoot = 1

q0 q1 qT. . .q2

cT,rarm = 0

ct,n = 1: foot/hand n is in contact with ground at time t

min
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�

t

Ct(xt), st f�1(xt,xt+1) = ut � Ux: [ q  c ]



Contact-Invariant Op,miza,on

min
x0...xT

�

t

Ct(xt), st f�1(xt,xt+1) = ut � Ux: [ q  c ]

enforce contact	and dynamics consistency between q and c

q0 qK



Contact Consistency 

When cn = 1 limb n must be touching ground and not sliding 

When cn = 0 limb n is unconstrained

c rhand = 0 c rhand = 1



Dynamics Consistency 

M(q) q̈+ C(q, q̇) q̇ = Bu+ J(q)T f

f�1(xt�1,xt,xt+1) = argmin
u f

|| ||2

All forces are ac,ve (contact set is constant) 
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Dynamics Consistency 

M(q) q̈+ C(q, q̇) q̇ = Bu+ J(q)T f

f�1(xt�1,xt,xt+1) = argmin
u f

|| ||2 +
X

i

||fi||2/(ci + ✏)

All forces are ac,ve (contact set is constant) 

High penal,es for using forces where c = 0
trajectory op,miza,on guides inverse dynamics solver via c



min
x0...xT

�

t

Ct(xt), st f�1(xt,xt+1) = ut � U

Contact-Invariant Op,miza,on

x: [ q  c ]

No contact discon,nui,es and always have a gradient 

Solved with standard local op,miza,on 

Op,miza,on ,me of 2 to 10 minutes



Op,miza,on Progress 



Op,miza,on Progress 
Stage 1 



Op,miza,on Progress 
Stage 2 



Op,miza,on Progress 
Stage 3 



Op,miza,on Result 



Idea

Add auxiliary variables 

SoWly enforce consistency between variables 

Search in larger, but easier to explore space









Props	
rigid body dynamics 

variables for hand/prop contact







Hand Manipula,on

min
x0...xT

�

t

Ct(xt), st f�1(xt,xt+1) = ut � Ux: [ q  c ]

q0

goal

q1 qT

. . .

c1,rfinger = 0

c1,thumb = 1

cT,rfinger = 1c0,thumb = 0

[Mordatch, Popovic, Todorov, SCA 2012]













Trajectory Op,miza,on with Direct Colloca,on 

Automa,c and general approach 

Op,miza,on problem for each mo,on clip 

Do we solve op,miza,on problems to move? 

No learning or reuse in op,miza,on 

Cannot deal with unexpected events 

Instead of mo,on clips, find policies



Trajectory Op,miza,on with Direct Colloca,on 

Learning Control Policies with Direct Colloca,on 

Unknown/Uncertain Dynamics and Applica,ons 



Learning Control Policies
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Forward Shoo,ng:
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Learning Control Policies
�� : x ⇥� u

Forward Shoo,ng:

min
�
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Ct(xt), xt+1 = f(xt,��(x
t))

x0
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π(x0)
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Learning Control Policies
�� : x ⇥� u

Forward Shoo,ng:

Learning from Demonstra,ons:

x0

x1

x2
x3

u0
u1

u2

u3



Learning Control Policies
�� : x ⇥� u

Learning from Demonstra,ons:

x0

x1

x2
x3

u0
u1

u2

u3

min
�

�

i

||��(x
i)� ui||2

Training Data

input: 

output:

xi

ui

supervised learning



Learning Control Policies
�� : x ⇥� u

Learning from Demonstra,ons:

min
�

�

i

||��(x
i)� ui||2

Training Data

input: 

output:

xi

ui

supervised learning

Where does training data come from? 

•  Human demonstra,on 

•  Trajectory op,miza,on



Learning Control Policies
�� : x ⇥� u

Learning from Demonstra,ons:

min
�

�

i

||��(x
i)� ui||2

Training Data

input: 

output:

xi

ui

supervised learning

Where does training data come from? 

•  Human demonstra,on 

•  Trajectory op,miza,on



Learning Policies from Trajectory Op,miza,on



Learning Policies from Trajectory Op,miza,on



Learning Policies from Trajectory Op,miza,on



Learning Policies from Trajectory Op,miza,on

Training Data

input: 

output:

xi
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Learning Policies from Trajectory Op,miza,on

can be inconsistent or difficult to fitX1, ... XN

s

a

a

X1

X2



Learning Policies from Trajectory Op,miza,on



Joint Policy and Trajectory Op,miza,on
[Mordatch, Todorov, RSS 2014] 

[Mordatch, Lowrey, Andrew, Popovic, Todorov, NIPS 2015]
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Joint Policy and Trajectory Op,miza,on

min
� X1 ... XN

�

i,t

C(xi,t) + ||��(x
i,t)� ui,t||2

x
u

π	(x)
θ
•  Adjust policy 

•  Adjust trajectory



min
� X1 ... XN

�

i,t

C(xi,t) + ||��(x
i,t)� ui,t||2

Add auxiliary variables 

SoWly enforce consistency between variables 

Search in larger, but easier to explore space

Idea



min
� X1 ... XN

�

i,t

C(xi,t) + ||��(x
i,t)� ui,t||2

Policy s,ll not converging?
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Policy DriW

Tradi,onal supervised learning at test ,me: 
independent errors 

Policy at test ,me:



x

Policy DriW



x

x+ε

u+Kε

Policy DriW



Injec,ng Network Noise

Noisy Training Data

input: 

output: u+K�
x+ �

x

x+ε

u+Kε



Injec,ng Network Noise
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• trajectory op,miza,ons 

• regression

Decompose into:

Alterna,ng Op,miza,on

min
X

�

t

C(xt) + ||��(x
t)� ut||2

“stay close to policy”
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Decompose into:

Alterna,ng Op,miza,on

• trajectory op,miza,ons 

• regression min
�

�

i,t

||��(x
i,t)� ui,t||2



Scalable Implementa,on

• asynchronous updates 

• SGD network training 

• Full dataset never loaded in memory

AWS node 1

AWS node K

AWS GPU node



















Future State Predic,on
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Execu,ng op,mal trajectories in open loop



Darwin robot Imperfect simulator model

What went wrong?



Movement with Model Uncertainty
[Mordatch, Lowrey, Todorov, IROS 2015]



Generate noisy models varying: 

limb mass 
limb center of mass 
contact loca,ons 

Op,mize over mul,ple state trajectories 

Single control trajectory 

Execute control trajectory in open loop

Movement with Model Uncertainty
[Mordatch, Lowrey, Todorov, IROS 2015]



With Model NoiseNo Model Noise



With Model Noise









What if we don’t want conserva,ve mo,on?



Interac,ve Policies with Online Model Learning

Offline: 

Train policy to output desired 
next state:

At every ,mestep: 

Learn robot dynamics 
on the fly from past observa,ons 

Query policy for  

Solve for robot torques          such that 

x̄t+1
xt+1 = f(xt,ut)

x̄t+1

x̄t+1 = f(xt,u�)

Joint Angles, IMU, Forces

u�

[Mordatch, Mishra, Eppner, Abbeel, ICRA 2016]







Detailed Humanoid Models
[Mordatch, Wang, Todorov, Koltun, SIGGRAPH Asia 2013]



Detailed Humanoid Models



Musculotendon Actuator (Hill Model)

fce = flv(lce, lce)a        
. 

fse(lse)

fpe(lce)

fce + fpe = fse

Muscle Tendon

Equilibrium constraint:

Model effort with metabolic energy expenditure [Anderson 99] 



Musculotendon Unit (MTU) Actuator

tendon
muscle fiber
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Musculotendon Unit (MTU) Actuator



Musculotendon Unit (MTU) Actuator

fmtu  = fmax fl(lce) fv(lce)a + fpe

fmtu

.

force-length and force-velocity rela,ons



Musculotendon Unit (MTU) Actuator

fmtu  = fmax fl(lce) fv(lce)a + fpe

fmtu

.
muscle ac,va,on



Musculotendon Unit (MTU) Actuator

fmtu  = fmax fl(lce) fv(lce)a + fpe

fmtu

.

passive force



Musculotendon Unit (MTU) Actuator

fmtu

MTU usage effort modeled with metabolic energy expenditure 
[Anderson 99] 



Humanoid Model with MTUs



1.5m/s Walking





1.5m/s Walking Kinema,cs and Torques



4m/s Running









Gait Ini,a,on COP Trajectory
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Thank You! 

Emo Todorov, Zoran Popovic, Pieter Abbeel, Vladlen Koltun, Aaron Hertzmann, Michael Kass, Jack Wang, 
Kendall Lowrey, Galen Andrew, Nikhil Mishra, Clemens Eppner, Nikita Kitaev, Sachin Pa,l, Mar,n DeLasa 


